PACS. 05.45.Ac -Low-dimensional chaos. PACS. 82.40.Ck -Pattern formation in reactions with diffusion, flow and heat transfer. PACS. 47.54.+r -Pattern selection; pattern formation.
Spiral waves are frequently observed in a large variety of spatiotemporal systems [1] [2] [3] [4] [5] ; often the features and the characteristic changes of the spiral waves are of crucial importance for practical purposes. For instance, the birth, death, and the transitions of spiral waves are closely related to the working conditions of animal hearts. Therefore, recently, the problem of spiral-wave control has attracted much attention [6] [7] [8] [9] [10] [11] [12] [13] . There exist two major directions for the spiral-wave control: first, to kill spiral waves when they are harmful; second, to maintain well-behaved spiral waves in preventing them to break to spatiotemporal chaos. The former control problem has been investigated extensively [6] [7] [8] , while the latter, which is extremely important in spiral-wave manipulation and pattern control, has been considered much less [9, 10] . In this letter we focus on the control of spiral-wave breakup (SWB).
There are various kinds of SWBs, such as the breakup far from the spiral-wave center in an oscillatory medium due to the convective instability condition [2, 11] , and the one near the spiral-wave center in an excitable medium due to the absolute instability condition (Doppler instability) [5, 12] . Different approaches may be effective for controlling different SWBs in fitting the distinctive breakup mechanisms. In this letter, we focus on the SWB due to the Doppler mechanism in an excitable medium. Note that the heart system, which is one of the most important motivations for the study of spiral waves and spiral-wave control, is typically an excitable medium. Turbulence induced by spiral-wave breakup is currently considered as the principal mechanism of cardiac fibrillation. Moreover, the Doppler effect can be observed indeed in the heart [13] . Therefore, it is of practical significance to prevent SWB of this type. A characteristic feature of the Doppler instability is that it occurs near the spiral-wave center, due to the interaction of near-tip-wave with its adjacent waves, thus it becomes crucial to modulate the motion of the spiral-wave tip for controlling SWB. In this letter, we will suggest a time-delay feedback approach to control SWB and to prevent turbulence, based on the understanding of the above mechanism.
We take the following Bar system [5, 11] :
as our model, which describes the interaction between a fast activator (u) and a slow inhibitor (v). In this letter, we fix a = 0.84, b = 0.07, and the system has an excitable medium, which can easily sustain rotating spiral waves. However, these spiral waves can break, leading to spatiotemporal chaos, by increasing ε over a certain critical value. In fig. 1(a) we have a stable spiral wave in an excitable medium for ε = 0.05 < ε c ≈ 0.069, and in (b) to (d), a breakup from the spiral wave to turbulence, starting in the vicinity of the spiral-wave center due to the collision of the tip with an adjacent wave (the so-called Doppler effect), is observed for ε = 0.07 > ε c . In the simulation we take 200×200 sites to discretize a 60×60 plane, and apply the free-boundary condition. The space and time steps for the simulation are ∆x = ∆y = 0.3, ∆t = 0.005, respectively. In ref. [9] , the authors injected time-delayed feedback signals into uniformly distributed local points for the SWB control. The method worked very well for the Beeler-Reuter model. Now we use this approach to control the spiral-wave breakup of fig. 1 , namely, we modify eqs. (1) to
where i, j are the integer numbers corresponding to the discretized x and y variables as
, respectively; µ, ν are integer numbers and I is the control distance (i.e., we control one site for each I sites for both i and j); and τ is the delay time. In eqs. (2), τ is chosen as the period of the spiral wave for the sake of stabilizing the unstable spiral-wave state. In fig. 2 we apply the time-delay control of eqs. (2) with I = 2 and λ = 1 (i.e., for total 200×200 sites we have N c = 100×100 sites controlled). The control result is presented in fig. 2 . Obviously, no control is achieved, and the SWB appears at the same time scale as that without control (we use ε = 0.05 < ε c to reach a stable spiral wave for t < 0, and then switch ε to ε = 0.07 at t ≥ 0 and apply control also for t ≥ 0). The reasons for the failure of the timedelay control of eqs. (2) is clear. First, it is well known that the time-delay control is not always successful, e.g., unstable orbits with odd number of positive real eigenvalues can never be stabilized by time-delay feedback for any possible feedback form [14] . Therefore, it is not strange that this approach may not work for certain models. Second, the uniform distribution of injections in (2) does not respond to the particular mechanism of breakup, and it may turn out to be inefficient for the Doppler instability control, which occurs near the center of the spiral wave. In contrast with eqs. (2), we now suggest a new feedback scheme to stabilize a wanted spiral wave and to prevent spatiotemporal chaos. The control scheme reads where (i 0 (t), j 0 (t)) is the location of the moving tip, which is determined numerically by identifying the point [7] . In eqs. (3) we pursue the spiral-wave tip and extract the signal from the average of the (2M +1)×(2M +1) (M N ) sites in the tip region with τ time delay from the current time, and then inject this single signal back into the same tip region to stabilize the spiral wave. In figs. 3(a)-(d) we do the same thing as in fig. 2 by taking the strategy of eqs. (3) for different parameter combinations; in all these cases we successfully eliminate the SWB, and turbulence is satisfactorily avoided. 2 is the number of controlled sites (note that the total number of the system is 200 × 200). The control efficiency is surprisingly high. We can stop the spiral-wave breakup by controlling only 9 (M = 1) sites among the 4 × 10 4 sites, which is thousand times less than that in fig. 2 , with the signal intensity still less than in fig. 2 . We can also successfully control SWB with both N c and λ m hundred times smaller than in fig. 2 . We have also detected the influence of the delay time τ on the control efficiency. It is found that SWB can be controlled for arbitrary τ , and the control efficiency is actually not sensitive to τ .
In the discussion of figs. 2-5, we set on the initial condition by switching ε from 0.05 (stable spiral wave) to 0.07 (SWB parameter). For fitting the condition of real experiments, we fix ε = 0.07 and take the so-called S1-S2 protocol of spiral-wave initiation in fig. 1 . The evaluation without control is shown in fig. 1(b)-(d) , where clear SWB to turbulence is observed, and the It is well known that spiral waves are highly inhomogeneous objects and the spiral-wave tips play extremely important role in determining the behavior of the total spiral waves. Thus, the tip control often touches the most sensitive point in the spiral-wave body, and this is just the case in our control problem. For the near-center SWB, the instability of the spiral wave is originated from the spiral-wave tip. Therefore, the control of the tip region may effectively annihilate the instability leading to SWB and the associated turbulence. The curve in figs. 5(b) can impressively manifest the significance of the tip region control. For large M , the control efficiency drops (i.e., λ m N c increases) very quickly by increasing M . There are two reasons for this drop-down. On the one hand, large M may cover some sites far from the tip, on which the control cannot effectively suppress the tip instability. On the other hand, for large M the control signal u(t − τ ) in eqs. (3) is averaged mainly far from the tip, which cannot well represent the tip features, and this mismatch may further reduce the control efficiency.
It is worthwhile emphasizing that our control strategy is essentially different from the conventional time-delay feedback though we use time-delay signals. Equations (2) show the standard time-delay feedback which takes unstable periodic orbits of the uncontrolled system sites as its targets. The delay time τ is chosen to be the period of the wanted state. The control result of this approach is then sensitive to the delay time. With this approach, many control signals, extracted from the differences between the current state and the τ -delayed state at different locations, have to be injected back into the system in order to properly taming the extended system. In eqs. (3), we do not need to make one-to-one feedback for different sites, and we need only to inject a single signal, which is the mean field of a certain small area of the system at τ time before the current time. The delay time τ is not a relevant parameter, and can be rather freely chosen according to the experimental conveniences. All these characteristics are essentially distinct from the conventional time-delay feedback. The control mechanism in eqs. (3) is speculated to be a resonant control. Suppose that the system is initially in a spiralwave state, which will break to spatiotemporal chaos without control for the given parameters. This spiral wave produces a control signal λu(t − τ ) in eqs. (3) extracted from the sites around the tip, which is naturally in a resonance condition with the spiral-wave tip. Then, by feeding back, this small control signal can stabilize the spiral-wave tip due to the resonant interaction. Since the control signal is taken from the system itself, rather than forced externally, we expect that this control may be a self-sustained resonance control. Moreover, the stabilized spiral wave continually supports a resonant signal, that further makes the self-sustained rotating spiral wave stable consistently and then successfully stops spiral-wave breakup to chaos. Spiral-wave breakup to turbulence is one of some important roads leading to turbulence, and then controlling SWB is of practical significance. In conclusion, we would like to emphasize some apparent advantages of the present approach in experiments and practical operations. First, we need only to use a single controller to inject a single signal into a small space area of the system, the signal can be conveniently extracted by measuring the total intensity of a variable in the given small area. Second, the control signal is very weak due to the resonant nature. All these advantages are very useful for experiments and practical operations. In this letter we consider controlling Doppler SWB of a single spiral. Since our control is local, it might be possible to control SWBs of multiple spiral waves by applying the feedback signals to all spiralwave tips. After the above advantages, some disadvantages of our approach should be pointed out as well. First, this approach can be applied to prevent SWB, but it cannot be used to reverse the stable spiral wave after Doppler instability leading to turbulence. The reason is that the present method is based on the stabilization of the spiral-wave tip by resonance between τ -time-delay tip signal with the current tip signal. If the tip structure is already destroyed, no resonance can be expected and then no control can be achieved. Second, our approach focuses on tip control, then we need to know the location of the moving spiral-wave tip, so that the controller can follow the tip motion. This may be not easy in some practical situations. We hope the development of new experimental techniques may fully utilize the advantages of our approach and overcome its disadvantages, and make this approach practical and useful in solving the important problem: suppressing turbulence induced by the breakup of spiral waves. * * * This work was supported by grants from the Hong Kong Research Grants Council (RGC) and Hong Kong Baptist University Faculty Research Grants (FRG), and partially supported by the National Nature Science Foundation of China (Grant Numbers: 10172020, 10335010).
